
On conjecture no. 76 arising from the OEIS

Christian Meyer

December 29, 2004

In [2] certain conjectures arising from the numerical data in the online en-
cyclopedia of integer sequences ([3]) are presented. Problem no. 76 is to
prove that the number an of edges in the 9-partite Turan graph of order n

can be computed as the coefficient at xn of the function

x

(1 − x)2

(

1

1 − x
−

1

1 − x9

)

.

The sequence (an) can be found in [3] as A033441.
Let n be a natural number and write n = 9k + a with a ∈ {0, . . . , 8}. Then
we have

an =
1

2
(a(k + 1) ((9 − a)k + (a − 1)(k + 1)) + (9 − a)k (a(k + 1) + (8 − a)k))

= 36k2 + 8ak +
a(a − 1)

2
.

We remember the formulas

∞
∑

k=0

kxk =
x

(1 − x)2
,

∞
∑

k=0

k2xk =
x(1 + x)

(1 − x)3
.

Now we can compute the generating function F of the an:

F (x) =
∞
∑

n=0

anxn

=
8
∑

a=0

∞
∑

k=0

(36k2 + 8ak +
a(a − 1)

2
)x9k+a

=
8
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a=0

xa

(

36
∞
∑
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k2x9k + 8a
∞
∑

k=0

kx9k +
a(a − 1)

2

∞
∑

k=0

x9k

)

=
8
∑

a=0

xa

(

36 ·
x9(1 + x9)

(1 − x9)3
+ 8a ·

x9

(1 − x9)2
+

a(a − 1)

2
·

1

1 − x9

)

.
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With the help of a computer algebra system (like Singular, [1]) we easily
verify that

F (x) =
x2(1 + x3 + x6)2(1 + x + x2)2(1 + x4)(1 + x2)(1 + x)

(1 − x9)3

=
x

(1 − x)2

(

1

1 − x
−

1

1 − x9

)

,

as conjectured. �
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