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We look at walks of n+k unit distance steps into North and East direction starting at the origin
(0, 0) and ending at (n, k). The number of such paths without further restrictions is

(

n + k

k

)

as exactly k of the n + k steps are eastward steps.

(n,k)

This number can also be interpreted as the number of walks of n + k unit distance steps on the
real axis that start at 0 and end at n − k.

Now we consider the case where n = k and look only at those paths that remain under or on
the diagonal. The number of such paths is the n-th Catalan number

Cn =
1

n + 1

(

2n

n

)

.

(n,n)
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We will give a proof for this in the following. This number can also be interpreted as the number
of walks of 2n unit distance steps on the positive real axis that start and end at 0.

Now we come to our main object of interest. We consider north-east paths starting at (0, 0),
ending at (n, k) with n ≥ k and remaining under the diagonal. In analogy to the binomial
coefficients we will denote the number of such paths by
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This is also the number of walks of n + k unit distance steps on the positive real axis that start
at 0 and end at n − k.

Theorem:
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The numbers
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can be calculated via a “Pascal semi-triangle”:
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The numbers in the last column are the Catalan numbers.

Proof:

By distinguishing between paths reaching (n, k) from the south or from the west we find the
recursion formulae
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for k < n and k > 0 and
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Now we can prove the formula by induction over n+k. The cases where k = 0 are trivial (under
the assumption that

(

a

−1

)

= 0). For k > 0, k < n we have
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In the case where k = n > 0 we have
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This completes the proof. �
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Remarks:

• If we define for 2b ≤ a
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and wish to extend the definition to b ≤ a so that
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• In [3] the formula

1 =

∞
∑
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Cn−i

is given without proof. By induction this leads to the formula
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The described results are found in [1] where there are also many useful references. In [2] some
of the ideas are continued. Several columns of the Pascal semi-triangle can be found in [4].
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